Abstract. In this paper we present the notion of de Rham cohomology with compact support for diffeological spaces. Moreover we shall discuss the existence of three long exact sequences. As a concrete example, we show that long exact sequences exist for the de Rham cohomology of diffeological subcartesian spaces.
Introduction
Generally, the de Rham cohomology is a cohomology based on differential forms of a topological smooth manifold. In [7] , J.-M. Souriau introduced diffeological spaces as generalization of the notions of topological smooth manifolds. Moreover, In [2] , P. Iglesias-Zemmour extended the notions of differenrial forms and de Rham cohomology groups on difeological spaces.
In Section 2 we discuss about the Hausdorffness, the compactness, the paracompactness, and the normality of D-topology of a diffeological space. Since the inclusion is not compatible with D-topologies, we need to be cautious in dealing with these notions. But we can show that if a diffeological space is D-paracompact and D-Hausdorff, then it is D-normal. In Section 3 we introduce "diffeological subcartesian spaces" which is a diffeological space locally diffeomorphic to a (not necessarily open) subspace of an Euclidean space. It is shown that every diffeological subcartesian space has a partition of unity subordinate to any D-open cover. In Section 4 we discuss de Rham cohomolgy (with compact support) in respect to diffeological spaces. It is shown that if there is a D-open cover {A, B} of X such that there exists a partition of unity subordinate to it, then we have a Mayer-Vietoris exact sequence of de Rham cohomology groups (see Theorem 4. In particular, if X is a diffeological subcartesian space, then there exist both types of Mayer-Vietoris exact sequences. In Section 6, we introduce a long exact sequence for pair of diffeological spaces. Let A be a D-compact set of a diffeological subcartesian space X. If there exists a D-open set M of X such that A is a deformation retract of M , then we have a long exact sequence (see Theorem 6.2):
I would like to thank Kazuhisa Shimakawa, who suggested me the idea of using differential p-forms on a diffeological space with compact support (see Definition 5.1).
The D-Topology for Diffeological spaces
A diffeological space consists of a set X together with a family D of maps from open subsets of Euclidean spaces into X satisfying the following conditions:
Covering: Any constant parametrization R n → X belongs to D. Locality: A parametrization P : U → X belongs to D if every point u of U has a neighborhood W such that P |W : W → X belongs to D. Smooth compatibility: If P : U → X belongs to D, then so does the composite P • Q : V → X for any smooth map Q : V → U between open subsets of Euclidean spaces. We call D a diffeology of X, and each member of D a plot of X. A map f : X → Y between diffeological spaces is called smooth if for any plot P : U → X of X, the composite f • P : U → Y is a plot of Y . Clearly, the class of diffeological spaces and smooth maps form a category Diff . Let X be a diffeological space. Let A be a subset of X. We say that A is D-open in X if for any plot P :
We will denote the closure of A by A. That is to say, A is the smallest D-closed subset containing A. Remark. Let A be a subset of a diffeological space X. Then we can give A two topologies:
(1) τ 1 (A) : the D-topology of the sub-diffeology on A; (2) τ 2 (A) : the sub-topology of the D-topology on X. However, these topologies are not always the same. In general, we can only conclude that τ 2 (A) ⊆ τ 1 (A). Therefore we need to be careful when defining separation axioms and compactness. It is not difficult to prove the following.
We turn to D-paracompactness. Let X be a diffeological space. A collection {W λ } λ∈Λ of subsets of X is called locally finite if each x ∈ X has an D-open neighborhood whose intersection with W λ is non-empty only for finitely many λ.
Let {V α } α∈I and {U β } β∈J be two covers of X. We say that {V α } α∈I is a refinement of {U β } β∈J if for any α ∈ I, there exists β ∈ J such that V α ⊂ U β . 
Definition 2.10 (D-paracompact space). We say that a subset
Theorem 2.14. If X is D-Hausdorff and D-paracompact, then it is D-normal.
Proof. Let x be an element of X. Let F be a D-closed set of X such that x ∈ F and let y be an element of F . Since X is D-Hausdorff, there exists a D-open neighborhood U x and U y of x and y, respectively, such that 
Next, let A and B be D-closed sets of X such that A ∩ B = ∅. By the above condition, for any a
Diffeological subcartesian spaces
In this section we present the notion of diffeological subcartesian spaces. Moreover we prove that every diffeological subcartesian space has a partition of unity subordinate to arbitrary D-open over.
Definition 3.1 (diffeological subcartesian space). We say that a diffeological space X is a diffeological subcarteisan space if the following conditions are satisfied. It is clear that a diffeological subcartesian space is D-normal by Theorem 2.14. Proof. Let {U λ } λ∈Λ be a D-open cover of X. Since ∪ λ∈Λ U λ = X holds, we have
Since X is D-normal by Theorem 2.14, there exist two D-open sets S λ and W of X such that
Thus we have S λ ⊂ U λ and
Then {V λ |λ ∈ Λ} is a locally finite D-open cover of X.
Let X be a diffeological space. If f : X → R is a real-valued smooth map on X, the support of f , denoted by suppf , is the closure of the set of points where f is nonzero: suppf = {p ∈ X; f (p) = 0}.
Let G = {A λ } λ∈Λ be an arbitrary D-open cover of X. We say that a collection {φ λ : X → R} λ∈Λ is a partition of unity subordinate to G if the following conditions are satisfied:
(1) 0 ≤ φ λ (x) ≤ 1 for all λ ∈ Λ and all x ∈ X, (2) suppφ λ ⊂ A λ , (3) the set {suppφ λ } λ∈Λ of supports is locally finite, and (4) λ∈Λ φ λ (x) = 1 for all x ∈ X. 
Define new function φ λ : X → R by
Then {φ λ : X → R|λ ∈ Λ} is a partition of unity subordinate to U. Proof. Since {U A , X \ A} is a D-open cover of X, there exists a partition of unity subordinate {ϕ UA , ϕ X\A } to {U A , X \ A} by Theorem 3.3. Since ϕ X\A ≡ 0 on A, the function ϕ UA has the required properties.
de Rham cohomology of diffeological spaces
In this section we shall show that there exists a Mayer-Vietoris exact sequence with respect to de Rham cochomology of diffeological spaces.
We first recall from [2] the notion of differential forms on a diffeological space. A covariant antisymmetric p-tensor of R n [2, 6.11] is called a linear p-form of R n . The vector space of linear p-forms of R n is denoted by 1 ([2, 6 .28]). Let X be a diffeological space. We say that α is a differential p-form on X if the following two conditions are fulfilled
(1) For all integers n, for all n-plots P : U → X, we have
where F * (α(P )) (cf. [2, 6 .22]) is defined by
for all v ∈ V and for all k-vectors
The condition α(P •F ) = F * (α(P )) is called the smooth compatibility condition, The set of differential p-forms on X is clearly a real vector space, and will be denoted by Ω p (X). We define a linear map d from Ω p (X) to Ω p+1 (X) by
for any α ∈ Ω p (X) and any plot P : U → X of X. Clearly, d•d = 0 holds. Therefore we have a cochain complex {Ω p (X), d}, called the de Rham complex. We define
Since B p (X) is a linear subspace of Z p (X), we can define the p-th de Rham cohomology group of X to be the quotient vector space
Let f : X → Y be a smooth map between diffeological spaces. We define
by f * (α)(P ) = α(f • P ) for any α ∈ Ω p (Y ) and any plot P of X. Then we have f
, where i A : A → X is the inclusion map.
Proposition 4.2. Let X be a diffeological space. Let {X λ } be a collection of subspaces of X such that
Proof. It is clear that for each λ ∈ Λ, X λ is D-open in X by the definition of coproduct spaces. We define a homomorphism
Let A and B be two D-open sets of X such that X = A ∪ B holds. Then we have a diagram:
consisting of inclusions. Now, consider the following sequence:
where
. Then we have the following. 
To see existence of the Mayer-Vietoris exact sequence, it suffices to show that the sequence (2) is exact for each p. We shall show that j * 1 ⊕ j * 2 is injective. Let α be an element of Ker(j *
that is, for any plot P : U → Xof X, ω(P ) = α(P | P −1 (A) ) on P −1 (A) and ω(P ) = β(P | P −1 (B) ) on P −1 (B). Then ω is well-defined since α| A∩B = β| A∩B holds. Clearly, we have (j *
that is, for any plot P : V → A of A, η A (P ) = (ϕ B • P | P −1 (A∩B) ) × σ(P | P −1 (A∩B) ) on P −1 (A ∩ B) and η A (P ) = 0 on P −1 (A \ suppϕ B ). Then η A satisfies the smooth compatibility condition F * (η A (P )) = η A (P • F ) for every smooth map F from an open set of Euclidean spaces to the domain of P . Similarly, we define η B ∈ Ω p (B) by
Then we have (i *
2 ) is surjective.
de Rham cohomology with compact support
In this section we define the de Rham cohomology of diffeological spaces with compact support. We shall show that there exists a Mayer-Vietoris exact sequence for de Rham cohomology with compact support.
defined by for any α ∈ Ω
Long exact sequence for pair of diffeological spaces
In this section we shall prove Theorem 6.2. Let f 0 , f 1 : X → Y be two smooth maps between diffeological spaces. We say that f 0 and f 1 are homotopic if there exists a homotopy F : [2, 6.88] . Let A be a subspace of a diffeological space X. If there exists a retraction γ : X → A such that γ|A = 1 A , then A is called a retract of X. Moreover we say that A is a deformation retract of X if γ and the identity map 1 X : X → X are homotopic. Therefore C is D-compact in A.
We will prove the following theorem. We prove this by using the argument similar to that of [3, Proposition 13 .11]. The map j coincides with the composite of the inclusions: 
